A considerable understanding of the formal description of quantum mechanics has been achieved after Berry's discovery [2] of a geometric feature related to the motion of a quantum system. He showed that the wave function of a quantum object retains a memory of its evolution in its complex phase argument, which, apart from the usual dynamical contribution, only depends on the "geometry" of the path traversed by the system. Known as the geometric phase factor, this contribution originates from the very heart of the structure of quantum mechanics.
tional to I ∝ 1 + | ψ 1 |ψ 2 | cos χ + arg ψ 1 |ψ 2 . The interference fringes are shifted by ϕ = arg ψ 1 |ψ 2 , which, following Pancharatnam's prescription, represents the phase difference between ψ 1 and ψ 2 . This idea, translated into quantum mechanics, leads to the definition of relative phase between any (non-orthogonal) states lying in a (finite or infinite) Hilbert space. When arg ψ 1 |ψ 2 = 0, ψ 1 and ψ 2 are called in phase. Pancharatnam's most important contribution was to point out that this condition is not transitive: if ψ 1 is in phase with ψ 2 and ψ 2 with ψ 3 , the phase between ψ 1 and ψ 3 is, in general, not zero. As in quantum mechanics states are defined up to a phase, ψ 2 can always be redefined parallel to ψ 1 . However, when a third state ψ 3 is considered, it is, in general, impossible to redefine it in phase with both ψ 1 and ψ 2 . This is due to an irreducible phase contribution χ = arg ψ 1 | ψ 2 ψ 2 | ψ 3 ψ 3 | ψ 1 , called Pancharatnam phasePancharatnam phase, which represents the most elementary example of geometric phase [1, 17, 22] .
If, instead of a discrete collection, we consider a continuous chain of states | φ(s) (with s ∈ {s 0 . . . s 1 }), we can repeat a similar argument and redefine the local phases | φ(s) → | ψ(s) = e iα(s) | φ(s) to impose the phase condition between infinitely neighboring states, namely
which is known as parallel transport condition. As emphasized earlier, this condition is not transitive. Therefore, although neighboring states are in phase, states far apart along the curve accumulates a finite phase difference between them. In particular, if the chain is a closed loop, i.e. | φ(s 0 ) = | φ(s 1 ) , a state "parallel-transported" around the loop experiences a phase shift
which is the celebrated geometric phase. As for the Pancharatnam phase, χ γ is an irreducible phase contribution which solely depends on the closed path γ traced out by | ψ(s) in the Hibert space. It is easy to verify that neither a local redefinition of phase, nor a change in the rate of traversal affects the value χ γ .
Adiabatic implementation of holonomies
A natural question to ask is how the idea of parallel transport applies to physical scenarios. It turns out that this concept plays a key role in a variety of physical contexts (see [24, 3, 18] ), and, in quantum mechanics it emerges as a natural feature of adiabatically evolving systems. Suppose that an Hamiltonian, H(λ t ) is controlled by a set of time-dependent parameters λ t . If the requirements for the adiabatic approximation (see [16, 12] ) are satisfied, a state, initially prepared in an eigenstate | ψ(t 0 ) = | Ψ n (λ t0 ) , remains eigenstate of the instantaneous Hamiltonian, during the evolution:
ǫ n (λ t )dt is the usual dynamical phase. Under this approximation, the state | ψ(t) can satisfy the Schrödinger equation only if the contraint
0 is fufilled. Hence, the state | Ψ n (λ t ) is parallel transported around the Hilbert space as the parameters λ's are varied. If the latter are eventually brought back to their initial values λ 0 , and the eigenspace of | Ψ n is non-degenerate, the final state will be proportional to the initial one, | Ψ(t f ) = e iχγ | Ψ(t i ) , with an accumulated geometric phase χ γ (which in this context is called Berry phase), only dependent on the path, γ, traced in the parameter space:
where the path integral here is explicitly expressed in terms of a vector (one-form), known as Berry connection. The inherently geometric nature is even more evident when the path integral in eq. (4) is formulated as a surface integral, via the Stokes theorem:
where Σ is the surface enclosed within the loop traced by λ in the parameters' manifold, and
is called the Berry curvature. The Berry curvature in many interesting cases (such as for qubits) is a slowly varying function, or even a constant. As a result of this, the geometric phase behaves as an area and depends almost exclusively on the surface enclosed by the loop. This is one of the crucial characteristic that makes the geometric phase quite appealing for the implementations of fault-tolerant quantum computation. A feature, like an area, which is much less dependent on the details of the time evolution, is likely to be less affected by variations of environmental conditions, and hence, more robust. The prototypical example in which this area-like behaviour is manifest, is the case of a single qubit adiabatically evolving under a generic Hamiltonian H(t) = n t · σ, where σ = (σ x , σ y , σ z ) is the vector of Pauli matrices, and n t is a time-dependent vector. It is possible to show that the curvature associated with a qubit state gives rise to a very simple form of the geometric phase, namely χ γ = ± Ω 2 (± depending on whether the qubit is initially aligned or against the direction of n), where Ω is the solid angle spanned by the direction of the vector n. The curvature in this case is constant (±1/2) and Ω is the surface enclosed in parameter manifold (the Bloch sphere) ( see Fig. a) .
Before turning the discussion towards the implementation of quantum computation, it is important to introduce the non-Abelian generalisation of the geometric phase, or holonomy. In obtaining the geometric phase for an adiabatic evolving system, the assumption that the eigenspace to which the prepared state belongs is non-degenerate was crucial. Such a condition insures that, when a loop in the parameter space is traversed, final and initial states are proportional: i.e. the net effect of the evolution is merely a phase. However, assuming a degenerate eigenspace, opens up a wider variety of possible evolutions, with a slightly more complex structure, known formally as holonomy.
The word holonomy refers to the set of all the closed curves, or loops on a manifold, starting and ending in the same point x 0 . It is easy to verify that this set has the structure of group 1 . The geometric phases themselves form a representation of an holonomy group: any loop in the 1 The composition of two loops and is obtained by joining the end point of one loop with the starting point of the other. The identity element is the trivial loop with only one point (x 0 ). The inverse of curve is the same traversed in the opposite direction. For a rigorous definition see [18, 9]) parameter space of an Hamiltonian is associated with a geometric phase factor. And clearly they form an Abelian representation as phases commute: e iχγ 1 e iχγ 2 = e iχγ 2 e iχγ 1 . This therefore implies that their non-Abelian generalisation are not represented by ordinary numbers, but by matrices. This naturaly emerges in adiabatic evolving systems, when eigenspaces are degenerate. Let's write a parameter dependent Hamiltonian in the form:
, where Π k (λ t ) are the projector operators of the instantaneous eigenspaces. As time varies, the parameters change and with them eigenvalues and eigenspaces. The latter are smoothly concatenated via a unitary transformation O(λ t ) (the eigenspaces never change dimension, as this is forbidden by the adiabatic requirements),
k is an eigenspace at the initial time t 0 (O(λ t0 ) = 1l). The unitary transformation O † produces the change of picture to the frame moving rigidly with the instantaneous eigenspaces. In this frame, the evolution is governed by the HamiltonianH(
. Imposing the adiabatic approximation is equivalent to neglecting Hamiltonian terms coupling different eigenspaces (see [16] ). The evolution inside each eigenspace is, then, generated by the following equation:
This equation can be formally solved, and, for a closed loop of the parameters, yields the total evolution (notice that by definition O(λ t f ) = 1l):
where T is an overall dynamical phase factor, and V γ k is the celebrated (non-Abelian) holonomy. In this formula P is the path-ordering operator, needed because of the non-commutativity of the operators A(λ) for different values of the parameters. This non-Abelian phases is in general very difficult to evaluate, because of the path ordering operation.
Application to quantum computation
We would like to mention potential advantages of using geometrical evolution to implement quantum gates. First of all, there is no dynamical phase in the evolution. This is because we are using degenerate states to encode information so that the dynamical phase is the same for both states (and it factors out as it were). Also, all the errors stemming from the dynamical phase are automatically eliminated. Secondly, the states being degenerate do not suffer from any bit flip errors between the states (like the spontaneous emission). So, the evolution is protected against these errors as well. Thirdly, the size of the error depends on the area covered and is therefore immune to random noise (at least in the first order) in the driving of the evolution. This is because the area is preserved under such a noise as formally proven by DeChiara end Palma [4] . Also, by tuning the parameters of the driving field it may be possible to make the phase independent of the area to a large extent and make it dependent only on a singular topological feature -such as in the Aharonov-Bohm effect where the flux can be confined to a small area -and this would then make the phase resistant under very general errors. So, in order to see how this works in practice we take an atomic system as our model implementing the non-Abelian evolution. We'll see that quantum computation can easily be implemented in this way. The question, of course, is the one about the ultimate benefits of this implementation. Although there are some obvious benefits, as listed above, there are also some serious shortcomings, and so the jury is still out on this issue.
Example
Let's look at the following 4 level system analyzed by Unanyan, Shore and Bergmann [28] . They considered a four level system with three degenerate levels 1, 3, 4 and one level 2 with a different energy as in Fig b. This system stores one bit of information in the levels 1 and 2 (hence there is double the redundancy in the encoding of information). We have the following Hamiltonian
where P, Q, S are arbitrary functions of time. It is not difficult to find eigenvalues and eigenvectors of this matrix (exercise!). There are two degenerate eigenvectors (with the corresponding zero eigenvalue for all times) which will be implementing our qubit and they are Φ 1 (t) = (cos θ t , 0, − sin θ t 0) and Φ 2 (t) = (sin φ t sin θ t , 0, sin φ t cos θ t , − cos φ t )
where tan θ t = P (t)/Q(t) and tan φ t = Q(t)/ P (t) 2 + Q(t) 2 . In the adiabatic limit, we can restrict ourself to these states only. Although, in general, the Dyson equation is difficult to solve, in this special example we can write down a closed form expression [28] . The unitary matrix representing the geometrical evolution of the degenerate states is B(η t ) = cos η t sin η t − sin η t cos η t (8) where η t = t 0 sin φ τ dθ dτ dτ . This therefore allows us to calculate the non-Abelian phase for any closed path in the parametric space. After some time we suppose that the parameters return to their original value. So, at the end of the interaction we have the matrix B(η f ) where η f = c Q (P 2 +S 2 ) √ Q 2 +P 2 +S 2 (SdP − P dS), which can be evaluated using Stokes' theorem (the phase will in general depend on the path, as explained before). So, we can have a non-Abelian phase implementing a Hadamard gate. With two systems of this type (mutually interacting) we can implement a controlled-Not gate and therefore (at least in principle) have a universal quantum computer (see [29] ).
